In this paper, we study a class of singular fractional order differential system with a changing-sign perturbation which arises from fluid dynamics, biological models, electrical networks with uncertain physical parameters and parametrical variations in time. Under suitable growth condition, the singular changingsign system is transformed to an approximately singular fractional order differential system with positive nonlinear term, then the existence of positive solution is established by using the known fixed point theorem.
Introduction
The study of many problems in fluid dynamics, biological models, electrical networks, chemical kinetics often leads to mathematical models in the form of nonlinear fractional order differential equations. Generally, some perturbations and uncertainties usually exist in these real world differential models due to some uncertain physical parameters and parametrical variations in time. These perturbations and uncertainties can be introduced in the underlying mathematical model [3, 5, 7, 9, 10, 15, 16, 18] .
In this paper, we consider a class of singular fractional order differential system with a changing-sign perturbation      − D α 0+ u(t) = f (t, v(t)) + q(t), −D β 0+ v(t) = g(t, u(t)), 0 < t < 1, In recent years, a handful of papers have appeared to study differential equation with some changingsign perturbation, but most of them treated with the changing-sign perturbation problems with the form f (t, u) + M ≥ 0 for some M > 0 [1, 11] , especially, containing fractional derivatives, for detail, see [8, 14, 17, 19, 20, 21, 22, 23, 24] . In this paper, we handle the singular fractional order differential system with the form f (t, u) + q(t) → −∞ at some singular point. By finding the unique solution of the linear nonlocal boundary value problem, we transform the changing-sign singular fractional order differential system to an approximately positive differential system, and then the existence of positive solution is established by using the known fixed point theorem. Here we also point out the boundary condition of system (1.1) is nonlocal which involves the Riemann-Stieltjes integral, i.e. it can cover the multi-point BCs and also integral BCs in a single framework.
Basic Definitions and Preliminaries
In this paper, we restrict our attention to the Riemann-Liouville fractional derivatives and some properties of the Riemann-Liouville fractional integral and derivative operators, see [6, 12, 13] .
has the unique solution
where G A (t, s) is the Green function of (2.1) and is given by
, the Green function of the following problem
is given by
5)
where
, then the Green function defined by (2.5) satisfies:
Here we also address that for the equation
we can get results similar to (2.3) and (2.5) as well as (2.6), and the results will be denoted by subscript B.
For clarity in presentation, we also list below some assumptions to be used later in the paper. 
(H3) There exists a constant λ > 0 such that for any (t, v)
for t uniformly on any close subinterval of (0, 1).
Remark 2.4. Let Ω ⊂ (0, 1) be a zero measure set and q : (0, 1) \ Ω → (−∞, +∞) be continuous and integrable, then q can have infinitely many singularities.
Remark 2.5. If q satisfies (H4) and lim t→t 0 q(t) = −∞ for some point t 0 ∈ (0, 1), then the system can be changing-sign.
Remark 2.6. For any (t, v) ∈ (0, 1) × [0, +∞) and c ≥ 1, by (H3), it is easy to get
Throughout this paper, we will work in the space E = C[0, 1], which is a Banach space if it is endowed with the norm u = max
Obviously P is a normal cone in the Banach space E.
By Lemma 2.3, the following equation
has unique solution which satisfies
In what follows, we consider the following approximately singular fractional order differential system
Clearly, by Lemma 2.3, we know that the system (2.11) is equivalent to the following integral system
(2.12) Obviously, the above nonlinear integral system (2.12) can be transformed to the following equivalent nonlinear integral equation
Now let us define a nonlinear integral operator T : 14) we have that if u(t) is a fixed point of T in E, then system (2.11) has one solution (u, v) with
Lemma 2.7. If (u, v) with u(t) ≥ w(t) for any t ∈ [0, 1] is a positive solution of approximately singular fractional order differential system (2.11), then (u − w, v) is a positive solution of singular fractional order differential system with a negative perturbation (1.1), where
Proof. In fact, if (u, v) is a positive solution system (2.11) and satisfies u(t) ≥ w(t) for any t ∈ [0, 1], then, by (2.11) and the definition of [u(t)] * , we have
(2.15)
which implies that
Notice that q(t) = q + (t) − q − (t), we have (u 1 , v) = (u − w, v) is a positive solution of singular fractional order differential system with a negative perturbation (1.1).
Lemma 2.8. T : P → P is a completely continuous operator.
Proof. For any fixed u ∈ P , we can find a constant
It follows from (2.17) and (H2)-(H3) that
And then
Consequently, for any t ∈ [0, 1], we have
which implies that the operator T : P → E is bounded.
Next for any u ∈ P , by Lemma 2.3, we have
On the other hand, by Lemma 2.3, we also have
which yields that T (P ) ⊂ P. At the end, using standard arguments, according to the Ascoli-Arzela Theorem, one can show that T : P → P is a completely continuous operator.
Main results
Theorem 3.1. Suppose (H1) − (H5) hold. Then the singular fractional order differential system with a changing-sign perturbation (1.1) has at least one positive solution.
Proof. Take Ω 1 = {u ∈ P : ||u|| ≤ 1}, then for any u ∈ ∂Ω 1 , we have
Thus for any u ∈ ∂Ω 1 , it follows from (3.1) and (H2)-(H3) that
On the other hand, choose constants a, b and L such that
By (H5), there exists a constant enough large
Furthermore, from (H5), there exists a constant K > K * such that
Let Ω 2 = {u ∈ P : ||u|| ≤ R}. Then for any u ∈ ∂Ω 2 and for any t ∈ [a, b], we have
And then, it follows from (3.5) that, for any
So for any u ∈ ∂Ω 2 and t ∈ [0, 1], by (3.4) and (3.6), we have
Thus, we have ||T u|| ≥ ||u||, u ∈ ∂Ω 2 . Thus T has a fixed point u 0 such that 1 ≤ ||u 0 || ≤ R from [4] .
In what follows, we prove u 0 (t) ≥ w(t) for any t ∈ [0, 1]. In fact, for any t ∈ [0, 1], by (H4), we have
By Lemma 2.7 and (3.7), the singular fractional order differential system with a changing-sign perturbation (1.1) has at least one positive solution. The proof of Theorem 3.1 is completed.
An example
To demonstrate the application of our results, we give a simple example. Firstly, we take α = Consider the following singular fractional order differential system with a changing-sign perturbation .
Thus, we have .
